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a b s t r a c t
The Wiener polarity indexWP (G) of a graph G = (V , E) is the number of unordered pairs
of vertices {u, v} of G such that the distance dG(u, v) = 3. In this paper, the minimum
(resp. maximum) Wiener polarity index of trees with n vertices and maximum degree ∆
are given, and the corresponding extremal trees are determined, where 2 ≤ ∆ ≤ n − 1.
Moreover, the trees minimizing WP (T ) among all trees T of order n and k leaves are
characterized, where 2 ≤ k ≤ n− 1.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Let G = (V , E) be a connected graph. The distance between two vertices u and v in G, denoted by dG(u, v), is the length
of a shortest path between u and v in G. A tree is a connected acyclic graph. Let NG(u) be the neighbor vertex set of u ∈ V (G),
and dG(u) = |NG(u)| is called the degree of u. If dG(u) = 1 for u ∈ V (G), then we call u a pendant vertex of G (also call u a
leaf if G is a tree). As usual, let Sn and Pn be the star and path of order n, respectively. For all other notations and terminology,
not given here, see e.g. [1].
The Wiener polarity index of a graph G = (V , E) is defined as
WP(G) = |{{u, v} | dG(u, v) = 3, u, v ∈ V }|,
which is the number of unordered pairs of vertices {u, v} of G such that dG(u, v) = 3. The Wiener polarity index for the
quantity defined in the equation above is introduced by Harold Wiener [2] for acyclic molecules in a slightly different-yet
equivalent-manner. Moreover, Wiener [2] used a linear formula for the Wiener indexW := ∑{u,v}⊆V dG(u, v) [3] and the
Wiener polarity indexWP to calculate the boiling points tB of the paraffins, i.e.,
tB = aW + bWP + c,
where a, b and c are constants for a given isomeric group.
The Wiener index W (G) is popular in the chemical literature (see e.g. [3]). However, it seems that less attention has
been paid for the Wiener polarity index WP(G). By using the Wiener polarity index, the authors in [4] demonstrated
quantitative structure–property relationships in a series of acyclic and cycle-containing hydrocarbons. Hosoya [5] found
a physical–chemical interpretation of WP(G). Recently, the trees (resp. unicyclic graphs) minimizing and maximizing the
Wiener polarity index among all trees (resp. unicyclic graphs) of order n were given in [6]; the extremal (resp. first three
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smallest) trees with respect to this index among all trees of order n and diameter d were characterized in [7]; the authors
in [8] studied the maximum Wiener polarity index among all chemical trees of order n (resp. and k pendants); Deng and
Xiao [9] gave the maximumWiener polarity index of trees with k pendants.
In this paper, the minimum (resp. maximum)Wiener polarity index of trees with n vertices and maximum degree∆ are
given, and the corresponding extremal trees are determined, where 1 < ∆ < n. Moreover, the trees minimizing WP(T )
among all trees T of order n and k leaves are characterized, where 1 < k < n.
2. The minimum and maximumWiener polarity index of trees with n vertices and maximum degree∆
Let T (n,∆) (n ≥ 3) be the set of all trees with n vertices and maximum degree ∆. Clearly, 2 ≤ ∆ ≤ n − 1. Firstly, we
give a formula for computing the Wiener polarity index of trees.
Lemma 2.1 ([6]). Let T = (V , E) be a tree. Then
WP(T ) =
∑
uv∈E
(dT (u)− 1)(dT (v)− 1).
Let p be a positive integer, and let n1, n2 be nonnegative integers. Let S
(p)
n1,n2 be a tree obtained from a path v1v2 · · · vp by
attaching n1 and n2 vertices to the vertices v1 and vp, respectively.
To begin with, we consider some simple cases as follows.
Theorem 2.2. (1) T (n, 2) = {Pn}, and WP(Pn) = n− 3;
(2) T (n, n− 1) = {Sn}, and WP(Sn) = 0;
(3) T (n, n− 2) = {S(2)n−3,1}, and WP(S(2)n−3,1) = n− 3.
Proof. It is easy to obtain the desired results. 
Now we characterize the trees minimizing (resp. maximizing) the Wiener polarity index among all trees T ∈ T (n,∆),
where 3 ≤ ∆ ≤ n− 3.
Theorem 2.3. Let T ∈ T (n,∆) (3 ≤ ∆ ≤ n− 3). Then WP(T ) ≥ n− 3, and the equality holds if and only if T ∼= S(n−∆+1−l)∆−1,l ,
where 0 ≤ l ≤ min{∆− 1, n−∆− 2}.
Proof. By induction on n. Since 3 ≤ ∆ ≤ n− 3, then n ≥ 6.
When n = 6, we have∆ = 3, and then T (6, 3) = {S(2)2,2, S(3)2,1 ∼= S(4)2,0,G∗}, where G∗ is a tree obtained from P5 = x1x2 · · · x5
by attaching a vertex to x3. It is not difficult to verify that
WP(S
(2)
2,2) = WP(G∗) = 4 > WP(S(3)2,1) = WP(S(4)2,0) = 3 = 6− 3.
Hence the result holds when n = 6.
Now suppose that the result holds when n ≤ q − 1 (q ≥ 7). Let T ∈ T (q,∆), where 3 ≤ ∆ ≤ q − 3. Let d denote the
diameter of T . Then d ≥ 3. Let P = x1x2 · · · xd+1 be a longest path in T , and let NT (x2) = {x1, x3, u0, . . . , us} (s ≥ 0) and
NT (xd) = {xd−1, xd+1, v0, . . . , vt} (t ≥ 0). We claim that dT (x3), dT (xd−1) ≥ 2 and dT (x1) = dT (xd+1) = dT (ui) = dT (vj) =
1, where i = 0, . . . , s and j = 0, . . . , t . Otherwise, the diameter of T is greater than d, which is a contradiction.
Without loss of generality, suppose dT (x2) ≥ dT (xd). Let T ∗ be a tree of order q−1 obtained from T by deleting the vertex
xd+1. Then
WP(T ) = WP(T ∗)+ dT (xd−1)− 1.
Note that T ∗ ∈ T (q− 1,∆). By the induction hypothesis and the fact that dT (xd−1) ≥ 2, we have
WP(T ) = WP(T ∗)+ dT (xd−1)− 1 ≥ WP(S(q−∆−l∗)∆−1,l∗ )+ 1 = q− 3,
with equality if and only if T ∗ ∼= S(q−∆−l∗)∆−1,l∗ and dT (xd−1) = 2, where 0 ≤ l∗ ≤ min{∆− 2, q−∆− 3}.
Now we reconstruct the tree T from T ∗ ∼= S(q−∆−l∗)∆−1,l∗ by attaching a vertex to the vertex xd. If dT (xd) = 2, then
l∗ = 0. Hence T ∗ ∼= S(q−∆)∆−1,0 ∼= S(q−∆−1)∆−1,1 , and it follows that T ∼= S(q−∆+1)∆−1,0 ∼= S(q−∆)∆−1,1. If dT (xd) > 2, then l∗ ≥ 1. Thus
T ∼= S(q−∆−l+1)∆−1,l := S(q−∆−l
∗)
∆−1,l∗+1, where l = l∗ + 1. Then 2 ≤ l ≤ min{∆− 1, q−∆− 2}. Therefore,
WP(T ) ≥ q− 3,
and the equality holds if and only if T ∼= S(q−∆+1−l)∆−1,l , where 0 ≤ l ≤ min{∆− 1, q−∆− 2}. This completes the proof. 
Denote by V (∆)(T ) = {v ∈ V (T ) | dT (v) = ∆}, and N (∆)(T ) = ∪u∈V (∆)(T ) NT (u). Let h = n − (∆ + 1) and T0 = S∆+1.
Let Ti be a tree obtained from Ti−1 by attaching a vertex to one vertex of N (∆)(Ti−1) \ V (∆)(Ti−1), where i = 1, 2, . . . , h.
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Then we can construct a tree Th after h steps, and the set of all Th is denoted by T
(n,∆)
max . From the forgoing construction, it is
easy to see that
WP(T ) = h(∆− 1) = (n−∆− 1)(∆− 1) for T ∈ T (n,∆)max .
Theorem 2.4. Let T ∈ T (n,∆) (3 ≤ ∆ ≤ n − 3). Then WP(T ) ≤ (n − ∆ − 1)(∆ − 1), and the equality holds if and only if
T ∈ T (n,∆)max .
Proof. By induction on n. Since 3 ≤ ∆ ≤ n− 3, then n ≥ 6.
When n = 6, we have ∆ = 3, and then T (6, 3) = {S(2)2,2, S(3)2,1,G∗}, where G∗ is a tree obtained from P5 = x1x2 · · · x5 by
attaching a vertex to x3. It is not difficult to check that S
(2)
2,2,G
∗ ∈ T (6,3)max , and
WP(S
(3)
2,1) = 3 < WP(S(2)2,2) = WP(G∗) = 4 = (6− 3− 1)(3− 1).
Hence the result holds when n = 6.
Assume that the result holds when n ≤ q − 1 (q ≥ 7). Let T ∈ T (q,∆), where 3 ≤ ∆ ≤ q − 3. Let d denote the
diameter of T . Then d ≥ 3. Let P = x1x2 · · · xd+1 be a longest path in T , and let NT (x2) = {x1, x3, u0, . . . , us} (s ≥ 0)
and NT (xd) = {xd−1, xd+1, v0, . . . , vt} (t ≥ 0). From the proof of Theorem 2.3, we have dT (x3), dT (xd−1) ≥ 2 and
dT (x1) = dT (xd+1) = dT (ui) = dT (vj) = 1, where i = 0, . . . , s and j = 0, . . . , t .
Without loss of generality, suppose dT (x2) ≥ dT (xd). Let T ∗ be a tree of order q−1 obtained from T by deleting the vertex
xd+1. Then
WP(T ) = WP(T ∗)+ dT (xd−1)− 1.
Note that T ∗ ∈ T (q− 1,∆). By the induction hypothesis and the fact that dT (xd−1) ≤ ∆, it follows that
WP(T ) = WP(T ∗)+ dT (xd−1)− 1
≤ WP(T ′)+∆− 1 for T ′ ∈ T (q−1,∆)max
= (q−∆− 1)(∆− 1),
with equality if and only if T ∗ ∼= T ′ and dT (xd−1) = ∆.
Now we reconstruct the tree T from T ∗ ∼= T ′ by attaching a vertex to the vertex xd. Note that dT∗(xd−1) = dT (xd−1) = ∆
and dT∗(xd) < ∆. Hence xd ∈ N (∆)(T ∗) \ V (∆)(T ∗). It follows that T ∈ T (q,∆)max . Hence
WP(T ) ≤ (n−∆− 1)(∆− 1),
and the equality holds if and only if T ∈ T (n,∆)max . 
Note that the maximum degree of chemical trees is not larger than 4. By Theorem 2.4, we can get Theorem 4 in [8] as
follows.
Corollary 2.5 ([8]). Let T be a chemical tree of order n (≥7). Then WP(T ) ≤ 3(n − 5), and the equality holds if and only if
T ∈ T (n,4)max .
Remark 1. In [8], the sharp upper bound above has been obtained, but the extremal trees were not characterized.
By Theorem 2.4, for T ∈ T (n,∆), it can be seen that
WP(T ) ≤ (n−∆− 1)(∆− 1) ≤
⌈
n− 2
2
⌉⌊
n− 2
2
⌋
,
the first equality holds if and only if T ∈ T (n,∆)max , the second equality holds if and only if ∆ =
⌈ n
2
⌉
or
⌊ n
2
⌋
. Combining this
with Theorem 2.2, we have
Corollary 2.6 ([6]). Let T be a tree of order n (≥4). Then WP(T ) ≤
⌈ n−2
2
⌉ ⌊ n−2
2
⌋
, and the equality holds if and only if
T ∈ T (n,d n2e)max or T ∈ T (n,b
n
2c)
max .
Remark 2. Notice that T (
n,d n2e)
max ∪ T (n,b
n
2c)
max = τ3(n) ∪ τ4(n) (see [6] for their definitions), which is the set of all trees T of
order nmaximizingWP(T ).
3. Trees minimizing the Wiener polarity index among trees with n vertices and k leaves
Let Tn,k (n ≥ 3) be the set of all trees with n vertices and k leaves. It is obvious that 2 ≤ k ≤ n − 1. To begin with, we
have the following theorem.
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Theorem 3.1. (1) Tn,2 = {Pn}, and WP(Pn) = n− 3;
(2) Tn,n−1 = {Sn}, and WP(Sn) = 0;
(3) Tn,n−2 = {S(2)n1,n2 | n1 + n2 = n − 2 and n1 ≥ n2 > 0}. Then for T ∈ Tn,n−2, n − 3 ≤ WP(T ) ≤
⌈ n−2
2
⌉ ⌊ n−2
2
⌋
, the first
equality holds if and only if T ∼= S(2)n−3,1, and the second equality holds if and only if T ∼= S(2)⌈ n−2
2
⌉
,
⌊
n−2
2
⌋.
Proof. The results of (1) and (2) are obvious.
(3) It is easy to see that Tn,n−2 = {S(2)n1,n2 | n1 + n2 = n− 2 and n1 ≥ n2 > 0}. It follows from Lemma 2.1 that
WP(S(2)n1,n2) = n1n2 = (n− 2− n2)n2 = −
(
n2 − n− 22
)2
+ (n− 2)
2
4
.
Hence n − 3 ≤ WP(S(2)n1,n2) ≤
⌈ n−2
2
⌉ ⌊ n−2
2
⌋
, the first equality holds if and only if n2 = 1, and the second one holds if and
only if n2 =
⌊ n−2
2
⌋
. 
To characterize the trees T ∈ Tn,kwith 3 ≤ k ≤ n−3minimizing theWiener polarity index, we introduce two operations
as follows.
Let C(v0 · · · vt; p) denote a comet, which is a tree obtained from a path v0v1 · · · vt by attaching p vertices to the vertex
vt , where t, p ≥ 1. Let V1 ⊆ V (G) and G[V1] denote the subgraph of G induced by V1. We said that G1 is a hanging subgraph
of G on u ∈ V (G1) ⊆ V (G) if G can be obtained from G1 and G[(V (G) \ V (G1)) ∪ {u}] by identifying the vertex u of them.
Operation A1: Suppose the comets C(v0 · · · vt1; p1) and C(u0 · · · ut2; p2) are two hanging subgraphs of T ∈ Tn,k on v0 and
u0 respectively, where t1, t2, p1, p2 ≥ 1. If v0 = u0 and dT (v0) ≥ 3, then let T ∗ denote the tree obtained from T by replacing
C(v0 · · · vt1; p1) and C(u0 · · · ut2; p2)with C(v0v1 · · · vt1u1 · · · ut2; p1 + p2).
Operation A2: Suppose T ∈ Tn,k contains a comet C(v0v1 · · · vt; p) (t, p ≥ 1) as its hanging subgraph on v0. If there are
exactly q (≥1) pendant vertices x1, . . . , xq in NT (v0), and dT (v0) > q + 1, then let T ∗ denote the tree obtained from T by
deleting the edges x1v0, . . . , xqv0 and adding edges x1vt , . . . , xqvt .
Lemma 3.2. Let T ∈ Tn,k with 3 ≤ k ≤ n− 3, and T ∗ is a tree obtained from T by Operation A1 or A2. Then WP(T ) > WP(T ∗).
Proof. For Operation A1, without loss of generality, suppose t1 ≤ t2. Let NT (v0) = {v1, u1, w1, . . . , wl}, where l ≥ 1. Then
WP(T )−WP(T ∗) =
l∑
i=1
(dT (wi)− 1)+
{dT (v0)− 2, 2 ≤ t1 ≤ t2,
(dT (v0)− 2)(dT (v1)+ dT (u1)− 3), t1 = t2 = 1,
(dT (v0)− 2)(dT (v1)− 1), 1 = t1 < t2.
Since dT (wi) (i = 1, 2, . . . , l), dT (v1), dT (u1) ≥ 2 and dT (v0) ≥ 3, we haveWP(T )−WP(T ∗) > 0.
For Operation A2, let NT (v0) = {v1, x1, . . . , xq, w1, . . . , wl}, where l ≥ 1.
Case 1. t = 1. Since dT (wi) (i = 1, 2, . . . , l), dT (v1) ≥ 2 and q ≥ 1, it is easy to verify that
WP(T )−WP(T ∗) = q
l∑
i=1
(dT (wi)− 1)+ q(q+ dT (v1)− dT (v0))
≥ q(l+ q+ dT (v1)− dT (v0))
= q(dT (v1)− 1) > 0.
Case 2. t > 1. Since q ≥ 1 and dT (wi) ≥ 2 (i = 1, 2, . . . , l), we have
WP(T )−WP(T ∗) = q
l∑
i=1
(dT (wi)− 1) > 0.
Therefore, the proof of Lemma 3.2 is finished. 
Theorem 3.3. Let T ∈ Tn,k (3 ≤ k ≤ n − 3). Then WP(T ) ≥ n − 3, and the equality holds if and only if T ∼= S(n−k)n1,k−n1 , where
0 < n1 ≤ k− n1.
Proof. On one hand, if T ∼= S(n−k)n1,k−n1 , we haveWP(T ) = n− 3 immediately.
On the other hand, if T ∈ Tn,k and T  S(n−k)n1,k−n1 , then by Lemma 3.2, we can construct another tree T1 ∈ Tn,k by
Operations A1 or A2 such that WP(T1) < WP(T ). Moreover, by using Operations A1 or A2 repeatedly, we can arrive at a
tree T ∗ ∼= S(n−k)n1,k−n1 after a finite number of steps. Hence S(n−k)n1,k−n1 are the trees minimizing WP(T ), and WP(T ) ≥ n − 3 for
T ∈ Tn,k. 
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